Class Questions 2007 BC Calculus Institute

Questions for 2007 BC Calculus Institutes

CALCULATOR

1. How many zeros does the functidr(x) =sin(In(x)) have in the interval (0,1]?

Explain how you know.

LIMITS
2. 2003 Released Exam Limit Questidhs, 79

In(x5) _

0.02

3. lim
X—00 ¥

4. How many times do the graphs pf2* andy = x* intersect?

5. 1998 AB 2

Let f be the function given by f(x) = 2ze®*.

(a) Find lim f(x) and lim f{x).
T——00 T— o0

(b) Find the absolute minimum value of f. Justify that your answer iz an absclute minimum.

What 1s the range of f7

(©)
(d) Consider the family of functions defined by y = bze?®, where b is a nonzero constant. Show
that the absolute minimum value of bre?® is the same for all nonzero values of b.

DERIVATIVES
6. limit 3sin +h)- 3sinf ):
h-0 h

(A) 0 (B)0.434 (C)0.901 (D)1.302 (E)2.703

.. cog ¥ +h
7. limit M =
h-0 h
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(A) Nonexistent (B)-1 (C)O ® E1

8. 2003 Released Exarg,

9. 2003 Released ExaPerivative theory and MVT

a. AB: 13, 16, 80,
b. BC: 16, 19, 27,83,92 and

c. 2005 AB 3(d) a very “formal” use of the MVT but one your stude

should see.

10.2003 Released Exafomputing Derivatives:

a. Basicrules AB: 1,4,9,14,BC: 1,9, 17
b. Inverses AB: 27, BC: 27,
c. FTC: AB 23, 92, BC: 18

d. Implicit: AB 26, also 2004 AB4/BC4

e. BC 1,9, 2379 (compare with 2007 AB free-response 3 where0.95
out of 9 points)

11.TAPC 2/e p. 72 — 73 Table and see 2007 AB3 .95 out of 9 points. See
2003 BC 79); 2006 AB 6

12.What is the value of the derivative of the invep§¢he functiony =e* —-e™* at

(0,0)?
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DERIVATIVE APPPLICATIONS

13.1995 BC 5 (Suitable for AB)

y y y
YA WA ANV W .
g ARV AW/ o
Figure 1 Figure 2 Figure 3
y=f® y= g

Let f(x)=x’, g(x)=cosx, andh(X) = x* + cosx. From the graphs of and g
shown above in Fig. 1 and Fig. 2, one might thimk graph ofh should look like
the graph in Fig.3.

(a)Sketch the actual graph af in the viewing window provided below,

(-6< x<6 and-6< y< 40).

(b)Useh"(x) to explain why the graph di does not look like the graph in Fig 3.
(c)Prove that the graph of = x* + coskx) has either no points of inflection or

infinitely many points of inflection, depending tre value of the constakt
14. Consider the functiorf (x) = x> —3x* - 24x +k

(a)Find the x-coordinate of the function’s relativexmmaum. Justify your
answer.

(b) Find the x-coordinate of the function’s relativenmium. Justify
your answer.

(c)Find the x-coordinate of the function’s point ofi@ction.

(d) Given thatf has exactly 2 real roots, find bgtbssible values of k.

15.2007 Form B AB 4 and many others. See Type Quebkamaout. 31
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16.The figure shows a small section of the graph of thevakare of a function.
Which of the choicebest describes the corresponding part of the graph of the
function?

a. Decreasing and concave up only A

b. Decreases and changes from concave
down on the left to up on the right.

\ 4

Decreases and does not change concaity

d. Increasing and concave up

e. Increasing and changes from concave ur)
on the left to down on the right.

17. 2003 Released ExafBC 12, 78, 82, 86, 87, 90, 91

OPTIMIZATION

18.A wire 3 feet long is cut and formed into a square andcéeciWhere should the
wire be cut so that the total area of the square andla @ a maximum?

19.1982 AB 6:A tank with a rectangular bottom and rectangular s&lesbe open
at the top. It is constructed so its width is 4 metedsitanvolume is 36 cubic
meters. If building the tank costs $10 per square metéhdobottom and $5 per
square meter for the sides, what is the cost of #st Expensive tank?

INTEGRATION

20.Exploration 1: A tank is being filled with water using a pump that @, @nd
slows down as it runs. The table below gives the tard@h the pump pumps at
ten-minute intervals. If the tank is initially empgpproximate how much water is

in the tank after 90 minutes?

Emf,i?ets';ne 0 |10/20|30|40|50|60|70| 80|90
(gauoria,tfninute) 42|40|38|35|35|32| 28| 20| 19| 10

See notes iITAPC 2/e p. 103-104

© Lin McMullin, 2006. 2007 All Rights Reserved. 4 of 16
This may be copied for use in your classes



Exploration 2: The speed of an airplane in miles per hour is given l&hbar
intervals in the table below. Approximately, how far doles airplane travel in
the three hours given in the table? How far is it ftbeairport?

Elapsed time O | 30| 60| 90| 120150/ 180
(minutes)
Speed 375|390|400| 390| 385| 350| 345
(miles per hour)

See notes iITAPC 2/e p. 103-104
Riemann sums

21.Approximatejl41+ x“dx using (1) a left Riemann sum with 6 equal subdivisions
and (2) a right Riemann sum with 6 equal subdivisions.

22.2003 Released Exam Riemann sums AB 85; BC 18, 25, 85, 88;

23.Let T be any Trapezoidal rule approximation$a= I:Bx— x*dx. Which statement
is true?
l.If a<b<O0, thenT >SS
Il.If a<0<b,thenT=S8
. If 0<a<b, thenT <S
(A) I only [I. 11 only (C) Monly (D) I and Il only (B), ITand I

24.Letf be a continuous function defined forxabuch that3< f (x) < 7. The largest

possible value for any Riemann sum ff@n the interval [1,5] is

(A) 3 B) 7 (©) 12 (D) 16 (E) 28
25.(1997 AB 24) The expressio&— \/I+\/Z+\/§+~-+\/EO Is a Riemann
50{ V50 V50 V 50 5
Sum for

' x 1 1 (' [x
(A) L\/%dx (B) jO&dx (C) ST)JO\/;)dx
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1 1 (50
(D) o J,xdx (B) [, ~xax

26. limit kzli;e[z"kj (Ej =

n- o n

n 2
27. limit 2[2 +§k} (gj =
n-« 13

n n

28.1f the closed interval [Oh] is divided into equal parts each of Ien@hthen
b , _
j f (x)dx =

. f(b) ||.|inr950t§n:(f'(%k))(%) . f (b)- f (0)
(A)lonly (B)llonly (C)lllonly (D)land Il only (E) Il and Il only.

29.1f t is measured in hours arfd(t) is measured in knots, what is the value of

.[02 f'(t)dt? (Note: 1 knot = 1 nautical mile per hour)
(A) f(2)knots (B) f (2)- f (0) knots (C) f(2) nautical miles
(D) f(2)- f(0) nautical miles (E)f (2)- f (0) knots per hour.
3
30.1998 AB #88: LetF (x) be an antiderivative eqnxi) If F(1)=0, then

F(9)=
(A) 0.048 (B)0.144 (C)5.827  (D)23.308 (E) 106250
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31.The table below gives the velocity in the verticaédtion of a rider on a
Ferris wheel at an amusement park. The rider moves bip@otd the table
gives the values for one complete revolution of thee¥. (This is similar to
1998 AB 3)

a. During what interval of time is the acceleration negét Give a
reason for your answer.

b. What is the average acceleration during the first 15 siscofthe
ride? Include units of measure.

. 30 ) . . ..
C. Apprommatej0 v(t)dt using a Riemann Sum with six intervals of

equal length.
d. Approximate the diameteaf the Ferris Wheel. Explain your
reasoning.
t \Y
seconds| feet/second

0 0

5 1.6

10 2.7

15 3.1

20 2.7

25 1.6

30 0

35 -1.6

40 -2.7

45 -3.1

50 -2.7

55 -1.6

60 0

PARAMETRIC AND POLAR EQUATIONS

32.From the 2003 Released ExaRC 4, 7, 15, 17, 84

FR 2003 BC 3, 2007 BC 3
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ACCUMULATION A
33.Investigation 2:

a. On the axes provided graph(t) = 3.
Let [0,X], be an interval on the
axis. Write the equation of the
function A (x) that gives the area of
the region in the first quadrant under
the graph ofy = f (t), above the-
axis, betweemn= 0 andt = x. Indicate
where this region appears on the >t
graph by shading a typical region and
indicating where is.

b. On the axes provided graph(t) =2t .

Let [0,X], be an interval on the
axis. Write the equation of the
function A,(x) that gives the area of

the region in the first quadrant under
the graph ofy = f (t), above the-
axis, betweem = 0 andt = x. Indicate
where this region appears on the > t
graph by shading a typical region and
indicating wherec is.

c. On the axes provided graph
f (t)=2t+3. Let[0,X], be an

interval on thea-axis. Write the
equation of the functiom\,(x) that

gives the area of the region in the
first quadrant under the graph of
y = f(t), above the-axis, between
= 0 andt = x. Indicate where this
region appears on the graph by
shading a typical region and
indicating where is.
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d. Fill in the table for these functions

0 1 2 3 4 5

X
A(X)
A (%)
As(X)

Do these numbers agree with your idea of area? Why ApesA,+ A,? Show
graphically why this is true.

e. Fill in the table for these values:

1 —2 —3

X
A(X)
A (%)
As(X)

Explain your reasoning; specifically tell how doles relates to the area?

f. Calculate:
dA, (x) _ J9A,(X) _ (A (%)
dx "odx "odx

What do you observe about the derivatives? Whyadothink this is?
g. Consider a new functiof, (x) that gives the area undgr=2t + 3 on the

dA, (x
interval [2,x]. Complete the table below and find% . Why does
dA4 (X) — dAS(X) 2

dx dx
X —2 -1 0 1 2 3 4 5
A (X)
SeeTAPC 2/e p. 116 — 119
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34.0n the interva(0, 2771 which function has an average value thaiis0?
. cos(x) II. sin(77x) . 7—x

35.Let f andg be continuous functions witl (x) - g (x) =3. Which statement is

true?

l. On the interval [0, 10] the average valud ©f 30 more than the average value
ofg.

II. On the interval [0,10] the average valuega$ 3 less than the average value of
f

[ f (x)x- [ g(x)dx =3

(A) I only (B)llonly (C)lllonly (D) landlllonly. (E) Il and Il
only

36.2003 Released ExaApplications of integrals AB 82, 84, 86, 88; BC 15, 80, 82,
88, 89.

37.2003 Released Exarvlethods of integration AB 2, 5, 8, 11 and BC 3, 8, 23, 26

DIFFERENTIAL EQUATIONS

38.Slope Fields from past exams; 1998 BC mc:24 and BC4, 2000208 BC 5
2003 BC mc:14, 2004 AB 6, form B AB5, 2005 AB6, BQ006 AB5,

39.Other BC Differential Equation Questions (including Eglélethod) 2003

Released Exam 5, 14, 21, 80.
. dy  2x . o .
40.2005AB6(c) leend— =—-—, find the particular solutiory = f (x) to the given
X y

differential equation with the initial conditiof (1) =-1 (Part (a) was draw a

slope field, and part (b) approximafe1.1) with tangent line at (1, —1). )
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41. 2002 AB 5

5. Consider the differential equation % =2y —4x.

(a) The slope field for the given differential equation is provided. Sketch the solution curve that passes through
the point (0, 1) and sketch the solution curve that passes through the point (0, —1).

(Note: Use the slope field provided in the pink test booklet.)

y
4
| O A A B Y Y (N A P A B
[ A A B
ll/fl/l/fﬁ A S NN
Prrriitry P N Y
T R I B e R TN
P L7757 r===~NNN
VDTl 77 7 A NN AN
I O B A VA G o it N N N U O T Y
PP 77777 2F—~~N NV L
S L NN
TR A i e N A | AU SRV ¥
IR s NN T T T T TR WY
I e b S N U L U T B SR U
R NN G N N N N S U R
TRt N N S R U VU 0 T 0 T O O
e NN N N W U W U O U U
Pttt N NI N VD, S T T U S U T OO0 O I
e R R R
ot N N N N G O T O 0 T O B O

{b) Let f be the function that satisfies the given differential equation with the initial condition f(0) = 1.
Use Euler’s method, starting at x = 0 with a step size of 0.1, to approximate f(0.2). Show the work
that leads to your answer.

(¢) Find the value of b for which y = 2x + b is a solution to the given differential equation. Justify your
answer.

(d) Let g be the function that satisfies the given differential equation with the initial condition g(0) = 0.
Does the graph of g have a local extremum at the point {0, 0) ? If so, is the point a local maximum

or a local minimum? Justify your answer.

2
42. Consider the differential equatie?f =Yy for all x#0.
X X

(a) Verify that y = , X#—C is a general solution for the given

x+C
differential equation.
(b) Write an equation of the particular solution that caorgdhe point

(-1, -1) and find the value 932 at (0,0) for this solution.
X
(c) Write an equation of the vertical and horizontal asympgtoteéhe

particular solution found in (b).

Continued next page
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(d) The slope field for the given differential equatiopiievided. Sketch
the particular solution that passes through the point«(11,

A R T T TR
72 28 A B B A I W O W W W WY
2/ /7 /77T TV VNN NN
crs77 7771 |V VN NNNNY
ceemr s/ 1T NVNNNSNSSS

- 22 Yy VN2 d
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/777 /711 1LV VNV VN N\
2022 2 R I T T U WO N G
VAR A A B B B B - o T O W O W W WA
////Illl¢_lll\\\\\
| I R I I T T T W W

(Note: This is a good problem for Winplot. Graph the gersyhition and
use a slider fo€C. Notice the slope at (0,0) is indeterminate, but each
solution has a slope there. Also investigate the \&rdiod horizontal

asymptotes and the solution curve wk&is close to 0.)

43.The slope field fory'=2x-yis shown below. Which graph could be a

solution of the differential equation shown?
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Continued next page
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(A) (B)

11111

L R R A

©) (D) (E)

11111

LA R D SR

Which statement is true abog(tx) ?

l. If y(0)> 2 then limity )= Z
. If 0<y(0)< 2 then limity k = =
1. If y(0)< 2 then limity k )= 2z

(A) I only (B) llonly  (C) lll only R s S
P Tl L e
(D) land llonly  (E) I, Il and I C AN R 1
LU T T N S N & T T T T T T T
T T T T T T T T T T T T S
LT T T T T T R o N W AN S T TR T Y

45.2006 AB 5(b): Consider the differential equati%}g :1+—ywherex # 0. Find the
X X

particular solutiony = f (x) to the differential equation with the initial eqioat

f (1) =1 and state its domain.
For more on the domain of the solution of a differential eqation see the articles

by L. Riddle and D. Loman in the Articles File of the Paticipants’ File 2007.
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Powers Series Questions

1. Write the first four nonzero terms in the Maclawaries forxe™.

3 V4 .
C)— D) —— (E) The series does not converge.
@5, O3~ © 9

1 z
W= B

wly
wly

3
3. Let E be the error when the Taylor polynomialx) = x—% is used to approximate

f (x) =sin(x) atx = 0.5. Which of the following is true?
(A) |E|<0.0001 (B) 0.0001<|E|< 0.000  (C) 0.0003<|E|< 0.00!

(D) 0.005<|E|< 0.00;  (E) 0.007<|E|

4. The Taylor series of a functid(x) aboutx = 3 is given by

f(x)=1+ 3()(_3)+5(x2—!3)2 . 7(x3_! 3° +...+( i+ %](!x— y

What is the value of "(3) andf " ( 32

2 3 4

5. What are all values offor which the seriex—x? +X3 7 +..-converges?
(A) -1sx<1 (B) -1sx<1 (C) -1<x<1

(D) -1<x<1 (E) All real numbers.

o 3 L0

= (2n)!

7. Letf(x) be the function defined by the power serfgx) :ZZX” f
k=0

g'(x)=f(x) andg( = Ztheng(x)=

© Lin McMullin, 2006. 2007 All Rights Reserved. 14 of 16
This may be copied for use in your classes



8. Letf(x) be a function with the following properties:

(i) f(0)=-2
(i) f'(x)=3f(x)
(ii)y The n™ derivative of, f(x)=3f""(x)

(a) Give the first four nonzero terms and the genenathtof the Maclaurin series far
(b) Findf(x) by solving the differential equation in (ii) withe initial condition in (i).

(c) Graph and label bothand the third degree Maclaurin polynomiaf odn the axes
below and label each. [Window is [-2,2] by [-40])10

Power Series Answers:

1 X=X +1x3 =L x°+—-o; 2.(E); 3.B; 4. 7, 15; 5.C;
6. cog(77)=-1 7.2+ 2x the 2 is the constant of integration .

k=1 N

2B

8.(a) 2—6x— X — K- (b) f(x)=-2e>, (c) below

n

From the 2003 Released Exam

Convergence tests BC 6, 10, 22, 24

Series BC 11, 20, 28, 77

© Lin McMullin, 2006. 2007 All Rights Reserved. 15 of 16
This may be copied for use in your classes



Mathematics and Calculus Related Web Sites:

My Web site: www.LinMcMullin.net and E-mailinmcmullin@aol.com

College Board AP Central http://apcentral.collegeboard.com

NCAAPMT Newsletter: Send $5 to Jeff Lucia NCAAPMT Treasurer, 718 Lansdowne

Road, Charlotte, NC 2827 ¢iaj@pds.charlotte.nc.usTwo issues — late summer, early
spring. Or on-line atvww.cctt.org/NCAAPMT/ THE BEST $5 YOU'LL SPEND !

Winplot

Winplot http://math.exeter.edu/rparris/default. htimstructions are at

http://matcmadison.edu/alehnen/winptut/winpltut.fBest graphing program

around. FREE. Have your students download it and use it too.

General Math Resources

NCTM Homepage http://www.nctm.org/

Math Forum Internet Collection http://mathforum.org/

Calculators and Tl

Texas Instruments andhttp://education.ti.com/

Calculus in Motion for Geometers Sketchpadvw.calculusinmotion.corand for

Algebra in Motion

D&S Review Books(Calculus, New York A and B Exams) ahdaching AP Calculus

(2/e) www.dsmarketing.com

Onadapting free-response questionBy Dixie Ross
http://apcentral.collegeboard.com/members/article/1,3046,151-P88P4,00.html

Onassessmenby Dan Kennedwttp://baylor.chattanooga.net/%7Edkennedy/assessment

and other stufhttp://baylor.chattanooga.net/%7Edkennedy/home
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