PHI on Cubics! phi!

By Lin McMullin
The Golden Ratio appears again; this time in cubic polyaism

This result was sent to me by David Tschappat a senidr mmajpr at Our Lady of the
Lake University, San Antonio, TX. It is, | believe, anginal discovery by him.

The result is presented here as an exercise with hagicso

Consider a cubic polynomiaf,(x), with a point of inflection ax = r and (local)
extreme values at= p;andx = p,. Consider two other points= g; andx = g, such that

<P <r<p,<q,
And such that the numbers are equally spacemjts apart; i.e.,
Q=P =P, =r=—p,= pl_Q1:h

(Note: A cubic polynomial is symmetric about its poinirdfection. This implies
thatp, —r =r — p,. Theng; andg. are chosen so the five points will be equally spaked,
units apart.)

1. Warm up exercise 1: Show th&{q,) = f (p,) andf (q,) = f (p,)
2. Warm up exercise 2: Show thét(q,) = f'(q,)

3. The real exercise: Recall that the Golden rratto%(1+ JE_S) and its

conjugatefpzﬁ(l—\/f_s). Show that the line through the local extreme point

(p,. f(p,)) that is parallel to the tangent lineftat (g,  (q;)), intersects the
cubic at

X = Py

X, = ® [, +@lg,, and

X, =® Lo, +@lp,

© Lin McMullin, 2007 All Rights Reserved lof3



Solution

1. Since the graphs of cubic polynomials are symmetticem point of inflection, we
can, without loss of generality, transltso that its point of inflection is at the origin. Let
g be the image df Then,

The image ofy =- B ,

The image op, =-h , the -coordinate of the extremee/al

The image of = 0, the -coordinate of the poininéiEction,

The image op, =h , the -coordinate of the extremaeja

The image ofj, = B, and

The image of (x) ig(x)=k<¢ - Wk« , whele is a nonezeonstan

2. First warm up exercise:
g (—2h) =-8n’k+ 6’k = - h%k
g (h) =kh®-3h°%k =-2h%
0g(-2h)=g(h)

And likewiseg (~h) = g(2h) = 2h’k. This means that the pairs of points are located
horizontally from each other.

3. Second warm up exercise:
g (x) =3kx* - 3h’k
g'(-2h) =3 (-2n)’ - Ik = hk
g'(2h) = 3K(2n)" - 3k = thk
Og'(-2h)=g'(2n)

This should be obvious since cubic polynomials are symartettheir point of inflection
and also from the fact thaf (x) is an even function.

4. The real exercise: The line through g(h)) with slope ofg'(-2h) = 9’k is

y(x)=g(h)+g'(-2n)(x-h)
= -2h%k + %h%k (x—h)
=9h?kx - 11h%k
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Then to find the points of intersection solve
9(x)=y(x)
k® —3h%kx = 9h*kx—1h% .
x*-12h*’x+1h*=0
Since we know one solutionxs= h this expression may be factored by hand by using

synthetic division to find the depressed equation, a quadndtich may then be factored
by using the quadratic formula, as shown below. (I ofs®used a CAS).

(x—h)(x2 —hx—l]hz) =0

(e [
X, =h X, = h, X3 = h
2 2
Finally,
-1+3J5
®h+g{-2h) = 1+2*/E - \/%(—Zh) _ (esfy) +23\/_)h = %,
_ -1-3/5
®(-2h)+@lh = 1+2*/‘—5(—2h)+1f’h = (—:\/_)h = x

QED

By symmetry, a similar result exists for the lineaugh the other extreme point,
(-h,g(=h)), with a slope ofg’(2h). The intersection points arexat= -h and

_ 1-3V5
X, =®[{-h) +¢(2h) = 1+2\/?3(—) 1—\/_S(Zh) = (—Zﬂh,
1 5
X, =®[2h)+g@(-h) = 1+2\/§(2) - \/T‘_’(—h) = (+—Z\/—)h
—End -
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